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This work describes a numerical model to compute the translational and rotational motion of N spher-
ical magnetic particles settling in a quiescent viscous fluid under creeping flow condition. The motion
of the particles may be produced by the action of gravitational forces, Brownian thermal fluctuations,
magnetic dipole-dipole interactions, external magnetic field, and hydrodynamic interactions. In order
to avoid particle overlap, we consider a repulsive force based on a variation of a screened-Coulomb
potential mixed with Hertz contact forces. The inertia of the particles is neglected so that a mobility
approach to describe the hydrodynamic interactions is used. The magnetic dipoles are fixed with
respect to the particles themselves. Thus they can only interact magnetically between them and with
an external applied magnetic field. Therefore the effect of magnetic field moment rotation relative to
the particle as a consequence of a finite amount of particle anisotropy is neglected in this work. On
the other hand, the inclusion of particle viscous hydrodynamic interactions and dipolar interactions
is considered in our model. Both long-range hydrodynamic and magnetic interactions are accounted
by a sophisticated technique of lattice sums. This work considers several possibilities of periodic and
non-periodic particle interaction schemes. This paper intends to show the benefits and disadvantages
of the different approaches, including a hybrid possibility of computing periodic and non-periodic
particle interactions. The well-known mean sedimentation velocity and the equilibrium magnetization
of the suspension are computed to validate the numerical scheme. The comparison is performed with
the existent theoretical models valid for dilute suspensions and several empirical correlations available
in the current literature. In the presence of dipole-dipole particle interactions, the simulations show a
non-monotonic behavior of the mean sedimentation velocity as the particle volume fraction increased.
This work is the first involving a magnetic suspension under the influence of both magnetic and hydro-
dynamic particle interactions. The mean sedimentation velocity and the suspension magnetization are
examined under the steady-state condition over several realizations. Simulation results for the fluid
magnetization are compared with a modified mean field theory, and a very good agreement for semi-
dilute suspensions is observed. Additionally, the motion and shape transition of an initially spherical
blob composed of magnetic spherical particles are investigated by computer simulations. We show
the existence of velocity fluctuations due to the interplay of magnetically induced aggregates and their
hydrodynamic dispersion. We find that the collective hydrodynamic interactions play a dispersive role
opposite to the aggregative contribution of the magnetic dipole-dipole interactions. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4986083]

I. INTRODUCTION

The study of particulate systems with long-range interac-
tions is important in many areas of physics and engineering.
The process of liquid-solid separation due to differential sedi-
mentation is just one of many examples where understanding
the average behavior of the suspension is important in order
to predict the separation time of important industrial pro-
cesses. During the past decades, a special class of liquid-solid
suspensions called magnetic fluids has attracted the interest
of researchers worldwide. A magnetic fluid is basically a
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colloidal suspension of tiny particles with magnetic domains
inserted in a carrier liquid.1 The physics of these suspensions
are highly complex and involve many different mechanisms
and possibilities of particle interactions. Understanding the
microstructural behavior of a magnetic suspension is an impor-
tant task, which allows us to quantify transport properties of
a magnetic fluid and control the stability of these suspensions
in a more efficient way.2–4

The approach used in this work to model the dynamic
behavior of a magnetic suspension of spherical particles
interacting magnetically and hydrodynamically via numeri-
cal simulations is known as Langevin dynamics simulation.3

This numerical method computes the solution of the classical
stochastic Langevin equation with a random Brownian force
for each particle of the suspension. The modeling of the forces
acting on the particles depends on the configuration of the
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suspension at each time step. The present article considers
not only magnetic force and torque long-range interactions
but also the hydrodynamic forces due to the viscous flow
induced by the motion of each surrounding particle. Most of
the previous studies, except those that examined the problem
of only two-particle interactions,5,6 have performed computer
simulations of many polarized bodies interacting magneti-
cally in the absence of viscous hydrodynamic interactions. The
interplay between hydrodynamic and Brownian fluctuations
during steady-state sedimentation for a non-magnetic Brow-
nian suspension of hard spheres was investigated by Padding
and Louis.7 They showed that even when the hydrodynamic
interactions are an order of magnitude weaker than Brown-
ian forces, they still induce backflow effects that dominate the
reduction of the mean settling velocity with increasing particle
volume fractions. In other words, hydrodynamic interactions
can be important even in colloidal suspensions. More recently,
Ho et al.8 carried out numerical simulations of a polydisperse
suspension of non-Brownian point particles interacting hydro-
dynamically under creeping flow condition. Actually, these
studies can be seen as an important extension of previous
studies developed by Cunha et al.9 and Abade and Cunha10

for polydisperse sedimenting suspensions. However, none of
the aforementioned studies have used computer simulations
of many-body interactions to examine the interplay between
the viscous hydrodynamic interactions and magnetic dipole-
dipole interactions in a sedimenting suspension such as those
proposed in the present work.

Under a low particle Reynolds number, two interacting
equal spheres fall at the same velocity without variation in
the particle-particle distance.11 This is a direct consequence
of the creeping flow linearity reversibility. On the other hand,
as a suspension contains many particles dispersed in a fluid,
the motion of one particle creates velocity and pressure fields
that exert forces on the neighboring particles and affect their
motion. At low Reynolds numbers, such a disturbance flow
is propagated, via fluid, by the mechanism of vorticity dif-
fusion, and because of this, we say that the particles interact
hydrodynamically. Even if all particles in a suspension are
identical spheres of the same size and density, they will not
all fall at the same velocity. The variation in their fall veloci-
ties during sedimentation is a result of viscous hydrodynamic
interactions between the particles. These particle interactions
depend on the local microstructure of the suspended particles.
Therefore, long-range multibody interactions play a key role
in the motion of an individual sphere settling in the midst of a
suspension. Velocity fluctuations due to particle-particle inter-
actions are observed even in non-Brownian suspension flows
with very small particle Reynolds numbers. Such fluctuations
have a long time behavior characteristic of diffusion processes,
and their effect is now called hydrodynamic self-dispersion.
This dispersion phenomenon is important for understanding
mixing processes that inhibit separation.12,13

Simulation of particulate systems with long-range inter-
actions is a controversial subject. We know that the slow decay
of hydrodynamic particle interactions of order 1/r or 1/r2,
where r is the distance between the center of two arbitrary
particles, leads to a classical divergence problem when com-
puting the hydrodynamic interaction sums numerically,9,14–19

and it demands the use of a sophisticated technique, for
suspensions with periodic boundary conditions, known as the
Ewald lattice summation.10,20–24 Examples of this class of
long-range interactions are the hydrodynamic force interac-
tions and Coulomb forces acting between two polarized elec-
trical charges. The Ewald summation technique consists in
computing the particle interaction sums of all N � 1 particles
of the suspension with an arbitrary particle i by replicating
the physical suspension periodically in space (i.e., a suspen-
sion with periodic boundary conditions). Consequently, the
long-range particle-particle interactions on the particle i are
computed for all particles in the physical cell at separation
x as well as for all periodic images in the reciprocal space.
Actually, this technique is a way of representing an infinite
suspension to achieve the convergence of the suspension bulk
properties in numerical simulations. We have currently com-
puted both magnetic and hydrodynamic particle interactions
with our code by using this technique.25–27 The application
of Ewald’s summation in particulate systems subjected only
to hydrodynamic interactions can be found in several works
computing many-body interactions via numerical simulations
of periodic suspensions.7,9,28–30

For many years, theoretical analysis and computer simula-
tions predicted velocity fluctuations in sedimentation varying
with the size of the container, whereas experiments found no
such variation.13,31 This paradoxical problem was first studied
theoretically14,17 and in terms of scaling arguments.9,12,32,33

The divergence of the particle velocity fluctuations in sed-
imentation was also supported by numerical simulations of
several authors.9,18,19,24,34 The experiments of Nicolai and
Guazzelli,15 however, show that particle velocity fluctuations
induced by hydrodynamic interactions converge with the size
of the system for a mixed suspension. Part of a review paper
by Guazzelli and Hinch16 is dedicated to a rich discussion
on the velocity fluctuations during the sedimentation of a
random dilute suspension of rigid spheres. One remarkable
finding for understanding these fluctuations as particle sedi-
ments is to know that the correlation length of the velocity
fluctuations is found experimentally to be twenty interparti-
cle separations. In addition, in dilute suspensions, a vertical
stratification in the particle volume fraction can attenuate
the intensity of these velocity fluctuations compared with
the mean velocity. The growth of mean-square particle dis-
placements due to hydrodynamic interactions of sedimenting
point particles in a vertically sheared periodic system was
also investigated by numerical simulations.30 In this article,
we shall investigate the nonlinear interplay between velocity
fluctuations produced by the viscous hydrodynamic interac-
tions and velocity fluctuations resulting from magnetic dipole-
dipole interactions. These studies are important since the last
ones decay like 1/r3 for the torque-dipole and like 1/r4 for
the force-dipole in contrast with the 1/r decay of hydrody-
namic interactions. When another type of far-field interaction
is added to the problem, such as magnetic interactions, the
physics involved are more complicated and other issues start
to concern the numerical implementation of these long-range
interactions. The rapid tendency of the suspension to form par-
ticle agglomerates induced by attractive magnetic forces does
not exist in particulate systems under the condition of pure
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hydrodynamic interactions. Rapid structure transitions require
additional numerical control of particle overlap as the suspen-
sion evolves in time, especially when the effects of particle
inertia are considered.25,26

Some theoretical works based on a statistical physics
approach35–38 have applied the Smoluchowski equation to pre-
dict the macroscopic quantities of magnetic suspensions for
more dilute suspensions instead of using Langevin dynamics
direct numerical simulations. In recent years, however, with the
advance of computational processing, numerical simulations
on the particle scale became more attractive for understanding
some specific details of the suspension microstructure and its
consequences on the macroscopic transport properties. Actu-
ally, there are just few techniques developed so far to simulate
the time evolution of magnetic particulate systems. In con-
trast, there are several articles published regarding the static
Monte Carlo simulations of ferrofluids and dipolar fluids. For
instance, Bahiana et al.39 and Dı́az-Méndez and Mulet40 used
Monte Carlo numerical simulations in order to obtain equilib-
rium particle configurations and macroscopic transport prop-
erties with low computational effort. However, the use of this
technique is responsible for the loss of relevant details on the
time evolution of the suspension structure. Cheng et al.41 pro-
posed a hybrid method combining the Fokker-Planck equation
with the Monte Carlo approach and the Langevin dynamics
scheme. Through Monte Carlo simulations, Rovigatti et al.42

have examined the behavior of the dipolar hard sphere model
at low temperatures and low densities and observed the struc-
tural properties on cooling. More recently, the influence of
dipole-dipole interactions on the magnetization of ferrofluids
has been studied with Brownian-dynamics numerical sim-
ulations.43 The effect of particle-size polydispersity on the
behavior of the magnetization of concentrated magnetic flu-
ids was also explored using Monte Carlo computer simulations
by Camp et al.44 More recently, the sedimentation equilibrium
behavior of dipolar particles has been investigated by means of
Monte Carlo simulations in order to characterize the effect of
particle polydispersity in ferrofluids undergoing a gravitational
field.45

Dipole-dipole magnetic interactions can be calculated
more accurately using Ewald’s summation technique.20

Another approach could be simply to make computations of
the particle-particle interactions without the periodicity con-
tribution of the particle images such as those considered in the
minimum image method. While numerical simulations car-
ried out by McWhirter and Patey,46 Wang et al.,47 Berkov
and Gorn,48 and Usov and Grebenshchikov49 used periodic
summations to compute the dynamic behavior of magnetic
suspensions, other authors50–53 opted to use a cheaper method
for computing particle interactions in a non-periodic way. Both
methods present advantages and disadvantages which depend
on the balance between the accuracy required in the results
and the computational cost involved in each scenario.

In this work, we shall explore both possibilities of using
periodic and non-periodic numerical calculations of the dipole-
dipole interactions in the presence of viscous hydrodynamic
interactions. Two important physical macroscopic quantities
are examined in order to test the code accuracy and its
validation. These quantities are (i) the mean sedimentation

velocity and (ii) the suspension magnetization in steady-state
also derived theoretically (i.e., a modified mean field theory)
by Ivanov and Kuznetsova37 for an O(φ3, λ2) approximation,
where φ is the volume fraction of the particles and λ is the
dipole-dipole interaction parameter. We also examine the influ-
ence of the magnetic interactions on the average sedimentation
velocity of a test particle in a non-Brownian magnetic suspen-
sion and shall discuss the effect of hydrodynamic interactions
on the steady-state suspension magnetization. We show that
magnetic particles tend to aggregate, which increases the aver-
age sedimentation velocity at low enough particle volume frac-
tion. Consequently, a non-monotonic particle volume fraction
dependence of the sedimentation velocity has been considered
a new finding in this work. We have also established the fact
that the collective hydrodynamic interaction plays a dispersive
role oppositely to the aggregative contribution of magnetic
dipole-dipole interactions.

The motion of an initially spherical blob, surrounded
by a large volume of pure liquid, sedimenting under gravity
where the particles inside are interacting hydrodynamically
and magnetically is also investigated by numerical simula-
tions. Based on these observations, we expect to increment our
understanding on the aggregative nature of magnetic interac-
tions and the dispersive role of the hydrodynamic interactions.
Again, we shall examine the interplay between viscous hydro-
dynamic and magnetic dipole-dipole interactions and its con-
sequence on the shape transition and on velocity fluctuations
of a sedimenting magnetic blob.

II. PROBLEM DESCRIPTION

We consider a monodisperse suspension of N solid spher-
ical magnetic particles of radius a and density ρs sedimenting
within a Newtonian fluid of viscosity η and density ρf . In the
present context, we suppose that the particles are sufficiently
large so that the intrinsic magnetic time scale for the particle
dipole moment to rotate, τN (i.e., Néel relaxation time), can
be much larger than the Brownian time scale, τB = a2/D, and
the Stokes time scale, τS = a/Us. Here D = kBT/(6πηa) is
the Stokes-Einstein54 Brownian diffusion coefficient, kB is the
Boltzmann constant, T denotes the absolute temperature, and
Us = (2/9η)a2∆ρg is the Stokes velocity with ∆ρ being the
density difference between the particle and fluid and g being
the gravitational acceleration. Under the condition τN � τB,
the magnetic dipoles are fixed with respect to the particles
themselves. Thus, the particles can only interact magnetically
between them and with an external applied magnetic field.
Therefore the effect of magnetic field moment rotation rel-
ative to the particle as a consequence of a finite amount of
particle anisotropy is neglected in this work. On the other
hand, the inclusion of the particle-particle viscous hydrody-
namic interactions and dipolar interactions is considered in
our simulations.

Now, the ratio of time scales τB/τS is defined as the
particle Péclet number, Pe = aUs/D, which accounts for the
relative importance between Brownian thermal fluctuations
and sedimentation. If the particles are large enough to settle,
then τS � τB, which means that gravity dominates thermal
fluctuations imposed by the Brownian motion. In this work,
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Pe is arbitrary so we can simulate from colloidal magnetic
suspensions (i.e., Pe � 1) to non-Brownian magnetic sus-
pensions as Pe � 1. Depending on the Péclet number, both
Brownian and non-Brownian magnetic suspensions can be
examined. The rotational motion of the particles is also consid-
ered in this model. Rotational Brownian motion and magnetic
torques due to magnetic dipole interactions induce particle
rotation. A rotational motion of the particles can also be pro-
duced by the action of an external magnetic field, which tends
to magnetize the suspension.

The particle inertial relaxation time is expressed as
τi = m/(6πηa), where m is the particle mass. The ratio τi/τS is
defined as the Stokes number, St, and for typical magnetic flu-
ids St� 1. Therefore, in this work, particle inertia is neglected,
and a mobility formulation of the hydrodynamic interactions
can be used. The suspension is subjected to a net gravitational
force due to density contrast ∆ρ. Viscous hydrodynamic inter-
actions between the particles are also considered in the present
model.

A. Mobility formulation

As the particles sediment in a viscous fluid in the absence
of inertia, hydrodynamic interactions between them are com-
puted by summing the velocity disturbances produced by the
surrounding particles’ motion on the velocity of a reference
particle. Usually the induced flow is a creeping flow with
Re = ρf aUs/η � 1, where Re is the particle Reynolds num-
ber. As the density ratio of particle-liquid ρs/ρf = O(1), then
St ∼ Re(ρs/ρf ) � 1. The fluid motion is then governed by the
Stokes equation. Therefore, for an incompressible Newtonian
fluid, we can write

∇ · v = 0 (1)

and
η∇2v = ∇p, (2)

where ∇ is the gradient vector operator, v denotes the Eule-
rian velocity field of the flow, and p is the pressure field. Since
the Stokes equations are linear, the forces induced on the fluid
by the motion of the particles are proportional to the particles’
induced velocity. This linear relation leads to two formulations
used to compute the velocities or forces induced by interpar-
ticle hydrodynamic interactions: the so-called mobility and
resistance formulations. In the present work, the particles are
free of inertia so that a mobility formulation can be used. By
grouping together the velocities induced by N particles, the
mobility representation is written as

*.....
,

u1

u2
...

uN

+/////
-

=

*.....
,

M11 M12 · · · M1N

M21 M22 · · · M2N

...
...

. . .
...

MN1 MN2 · · · MNN

+/////
-

·

*.....
,

f 1
f 2
...

f N

+/////
-

, (3)

where u1, u2, . . ., uN denotes the velocities of particles
1, 2, . . . , N . The tensors Mij, for i = 1, . . . , N and j = 1, . . . , N ,
are second rank mobility tensors or square matrices that depend
on the suspension configuration. These tensors couple the
motion of particles given how the forces acting on a parti-
cle j change the velocities of a particle i. Here, f i represents
the sum of non-hydrodynamic forces acting on a particle i.

B. Periodic hydrodynamic interactions

The first calculation of the mobility tensor Mij for com-
puting long-range hydrodynamic interactions in a particu-
late system of solid spherical particles was proposed by
Rotne-Prager,22

Mij =
1

8πη

[
1
r

(I + r̂r̂) +
2

3r3
a2 (I − 3r̂r̂)

]
. (4)

Here I is the identity tensor, r = [(xj � xi)2 + (yj � yi)2

+ (zj � zi)2]1/2 is the relative distance between the particle i
center in xi and the particle j center in xj. The unit vector
r̂ = r/r points in the centerline direction of two suspended
particles.

Now, due to the long-range nature of the hydrodynamic
interactions, the direct computation of these sums using the
Rotne-Prager tensor (4) leads to numerical divergences asso-
ciated with the small size of the numerical suspension. This is
a classical problem related to the study of particulate systems
with long-range interactions which decay slowly with increas-
ing separation distance. In order to perform the hydrodynamic
interactions as accurate as possible, we use Ewald’s sum-
mation technique applied to the Rotne-Prager tensor20,22,23

by considering the suspension with periodic boundary con-
ditions and replicating it in all spaces. Basically, to reduce
the number of particles N needed and to accelerate the con-
vergence of our particle interactions’ sums, we take a finite
number of particles No and replicate them periodically within
a volume V. This periodic sum can be efficiently computed
with a well-known summation technique proposed by Ewald-
Beenakker.20,23 Thus, the particles are distributed in a periodic
system composed of a lattice structure. In particular, we con-
sider a central physical cell and other 124 image ones around
the central cell of the lattice. The surrounding cells contain
replicated images of the particles in the central cell. Using this
approach, we can accelerate the convergence of lattice long-
range sums for particles interacting magnetically and hydrody-
namically and carry out dynamic simulations which are both
accurate and computationally efficient. The simulations do not
require physical walls.

Figure 1 shows a three-dimensional perspective view and
a side view of a typical periodic structure of a suspension gen-
erated via our numerical simulations. The central cell is the
physical one containing the reference particles. All the other
cells are periodic images of the physical cell which contains
the same number of particles. Consequently, to compute the
velocity disturbances induced on each particle i inside a refer-
ence cell, it requires the calculation not only of the interactions
due to other particles inside the reference cell but also of the
interactions with all particle images throughout the spatially
periodic lattice. An interesting feature of this technique is that
we do not need to compute interactions between the images.
If we consider N particles in the central cell and Nc cells, the
computational cost is not O[(N × Nc)2] but O(N × N × Nc).

Following Refs. 9, 10, and 23, we consider center posi-
tions of N spheres within a unit cell denoted by the set of vec-
tors CN = (x1, . . . , xN ). Let us assume a periodic lattice L in
which the set CN is now denoted by L = (xγ1, . . . , xγN ) = (x1

+ xγ, . . . , xN + xγ), where xγ = (γ1d, γ2`, γ3h), (γ1, γ2, γ3
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FIG. 1. Typical geometry of a suspen-
sion with periodic boundary conditions.
The spatially periodic particles evolve in
time during the computer simulations.
The reference cell in this representation
has only 20 particles, and the particle
volume fraction within the periodic cell
is 0.15. There are 125 periodically repli-
cated cells which reproduce an infinite
suspension with a total of 2500 particles.

= 0,±1,±2, . . .) denotes the lattice points, obtained by a lin-
ear combination of the basic orthogonal vectors de1, `e2, he3.
Here d, `, and h are the lengths of the edges of each cubic
lattice-cell, γ = {γ1, γ2, γ3} is the set of integer coefficients,
named the cell indices, and the set of vectors {e1, e2, e3}

denotes the canonical base. The reciprocal lattice vectors kζ
specify lattice wavenumbers satisfying the periodic bound-
ary condition. The reciprocal vectors kζ are written as kζ
= 2π(ζ1/d, ζ2/`, ζ3/h), (ζ1, ζ2, ζ3 = 0,±1,±2, . . .), where ζ
= {ζ1, ζ2, ζ3} is the cell index of the reciprocal lattice. In this
approach, we have not only lattices in the physical space,
denoted by L, but also numerical lattices in the reciprocal (or
wavenumber) space, denoted by L̂.

Now, the velocity of each inertialess particle in a sus-
pension periodically distributed in space and subjected to
long-range hydrodynamic and magnetic interactions evolves
according to

ui = Ms · f i +
∑
j,i

Mij · f j, (5)

where Ms stands for the self-mobility matrix, i.e., Ms ·f i repre-
sents the velocity self-induced on a particle by its own periodic
images, and Mij is the pair mobility matrix, given, respectively,
by

Ms =

(
1

6πηa
−

1
η
ξπ−3/2 +

20
9η
ξ3π−3/2a2

)
I (6)

and

Mij =
∑
x∈L

M1(r) +
1

L∗3

∑
k∈L̂,k,0

M2(k) cos(k · r), (7)

where the mobilities M1(r) and M2(k) are given by

M1(r) = F(r)I + G(r)r̂r̂, (8)

M2(k) = H(k)
(
I − k̂k̂

)
. (9)

The scalar functions F(r), G(r), and H(k) are given by

F(r) =

{ (
3
4r

+
1

2r3

)
erfc(ξr) +

(
4ξ7r4 + 3ξ3r2 − 20ξ5r2

−
9
2
ξ + 14ξ3 + ξr−2

)
exp(−ξ2r2)
√
π

}
, (10)

G(r) =

{ (
3
4r
−

3

2r3

)
erfc(ξr) −

(
4ξ7r4 + 3ξ3r2 − 16ξ5r2

−
3
2
ξ + 2ξ3 + 3ξr−2

)
exp(−ξ2r2)
√
π

}
, (11)

H(k) =
6π

k2

(
1 −

k2

3

) (
1 +

k2

4ξ2
+

k4

8ξ4

)
exp

(
−k2

4ξ2

)
, (12)

where r denotes the distance between the center of two inter-
acting particles, k̂ = k/k is the normalized wavenumber vector
(i.e., reciprocal space coordinate), ξ = π1/2V−1/3 denotes the
convergence parameter of the lattice sums proposed by Ref. 23,
and erfc is the complementary error function. An instructive
description of the lattice summation technique for the context
of hydrodynamic interactions is competently presented in a
paper by Cunha et al.9

As mentioned before, from the balance of forces on a
particle i in the absence of inertia, we have that

f i = ∆ρg
4
3
πa3 +


6πηa

(
6Dt

δτ

)1/2
ξ + f i

m + f i
r + f i

c, (13)

where g denotes the gravitational acceleration vector, Dt is the
Brownian self-diffusivity, δτ is a typical time step related to the
Brownian thermal fluctuations, ξ represents a random unitary
vector associated with the stochastic Brownian fluctuations.
Hence, ξ = |ξ |−1(ξx êx + ξyêy + ξzêz), where ξx, ξy, and ξz

are three different random numbers with uniform probability
in the interval [�1, +1]. The forces f i

m, f i
r, and f i

c are the
magnetic, the repulsive, and the contact forces acting on an
arbitrary particle i, respectively. For a mobility problem, the
particle trajectories are obtained simply by integration of the
kinematic equation

Dxi

Dt
= ui, xi(0) = xi

o. (14)

C. Magnetic interactions

The magnetic particle-interaction potentials for dipole-
dipole interactions and external field-dipole interactions are
given, respectively, by

ψij =
∑
i,j

µ0mimj

4πr3

[
di · dj − 3

(
di · r̂ij

) (
dj · r̂ij

)]
, (15)

ψi = −µ0miH
(
di · ĥ

)
, (16)

where as before the lower indices i and j denote particles i and j,
respectively, µ0 is the magnetic permeability of the free space
(i.e., µ0 = 4π×10−7H ·m−1), mi and mj are the magnitudes of
the magnetic dipole moments of particles i and j with directions
di and dj, respectively, r̂ij is the unitary vector in the direction
from particle i to particle j, H is the intensity of an external
magnetic field applied on the particles with the direction ĥ.
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Therefore, the full magnetic force acting on each particle of
the suspension is expressed by

f i
m = −

(
∇ψij + ∇ψi

)
. (17)

In the present work, the particles are not considered torque-
free. Therefore, the magnetic torques acting on a particle i, i.e.,
T i

m, are calculated as being

T i
m = −di ×

(
∇diψij + ∇diψi

)
, (18)

where∇di is a vector operator that accounts the derivatives with
respect to the orientation of the magnetic dipole moments of
the ith particles. It is a straightforward algebraic manipulation
to obtain from Eqs. (17) and (18) the expressions for f i

m and T i
m

under the condition that not-torque free particles are subjected
to a homogeneous applied magnetic field, i.e., ∇(Hĥ) = 0. We
found, respectively, that

f i
m =

∑
i,j

3µ0mimj

4πr4

[(
di · dj

)
r̂ij +

(
di · r̂ij

)
dj +

(
dj · r̂ij

)
di

−5
(
di · r̂ij

) (
dj · r̂ij

)
r̂ij

]
(19)

and

T i
m =

∑
i,j

3µ0mimj

4πr3

[
−

1
3
(
di × dj

)
+

(
dj · r̂ij

) (
di × r̂ij

)]

+
[
µ0miH

(
di × ĥ

)]
.

D. Periodic magnetic interactions

A convergent transport quantity of our magnetic suspen-
sion can be obtained by using the same technique of periodic
particle-particle interactions described by Refs. 9, 10, and 23.
When applying Ewald’s summation technique20 to Eqs. (19)
and (20) in order to compute magnetic forces and torques on a
particle i, we obtain the following expression for the periodic
force:

f i
m = µ0mimj




∑
x∈L

[J1(r) + J2(r)] +
2π

L4

∑
k∈L̂,k,0

J3(k)


(20)

with

J1(r) =
[(

di · dj
)
r̂ij +

(
di · r̂ij

)
dj +

(
dj · r̂ij

)
di

]
C(r),

J2(r) = −
[(

di · r̂ij
) (

dj · r̂ij
)
r̂ij

]
D(r),

(21)

J3(k) = 4πk̂
(
di · k̂

) (
dj · k̂

)
exp


−

(
πk
ξ

)2
sin

(
2πk̂ · r̂ij

)
.

(22)
Here C(r) and D(r) are scalar functions given by

C(r) =

[
3erfc (ξr) +

(
2ξr
√
π

) (
3 + 2ξ2r2

)
exp

(
−ξ2r2

)]
r−4

(23)
and

D(r) =

[
15erfc (ξr) +

(
2ξr
√
π

) (
15 + 10ξ2r2 + 4ξ4r4

)
× exp

(
−ξ2r2

) ]
r−4. (24)

The periodic magnetic torque on a particle i due to
magnetic interactions over the lattice system is given by

T i
m = µ0mimj


−

∑
x∈L

T1(r) +
1

L3

∑
k∈L̂,k,0

T2(k)


+ µ0miH

(
di × ĥ

)
, (25)

with

T1(r) =
(
di × dj

)
B(r) −

(
di × r̂ij

) (
dj · r̂ij

)
C(r), (26)

T2(k) = 4π
(
di × k̂

) (
dj · k̂

)
e

[
−
(
πk
Lξ

)2
]

cos
(
k̂ · r̂ij

)
, (27)

where

B(r) =

[
erfc (ξr) +

(
2ξr
√
π

)
exp

(
−ξ2r2

)]
r−3. (28)

In this formulation, L denotes the length of the primary lattice-
cell.

E. Repulsion and contact forces

In order to avoid particle overlaps, we have incorporated
a pairwise repulsive force acting on near-contact particles. A
numerical fictitious force is then used as suggested by12

f r = c1 (6πηa) uie

(
−

εij
c2

)
êr , (29)

where c1 and c2 are constants numerically calibrated based
on the behavior of two approaching spheres,25 ui denotes
the magnitude of the ith particle velocity, ε ij is the dis-
tance between the surface of two near-contact particles i and
j, given by ε ij = rij − 2a. Here, rij denotes the distance
between the centers of the particles, and êr represents the
unit vector in the direction of the repulsion and depends
on the configuration of the particles only. The use of ficti-
tious repulsive forces in numerical simulations was first pro-
posed by Ref. 12 since it is computationally inexpensive as
compared with numerical computations based on the near-
field viscous lubrication forces. Lubrication forces require
O(N3) calculations involving mobility matrix inversion and
prohibitive small time steps to capture near-field particle
motion.55

In Eq. (13), a contact force f c is also considered, and it
needs to be modeled as well. During the time evolution of
magnetic suspensions, attractive forces can be strong between
the particles, and in some cases, the repulsion force given in Eq.
(29) is not sufficient to prevent particle overlap. In addition,
we propose a Hertz contact force that depends also on the
mechanical properties of the material in which the spheres are
made. Hence,

f c = c3 Ec b1/2 ε3/2
ij êr , (30)

where c3 is a calibration constant of the model, and Ec is an
elastic property of the material given by

Ec =
E

2(1 − ν)
, (31)

where ν denotes the Poisson elastic modulus and E is Young’s
modulus of the spherical particles. The parameter b that
appears in Eq. (30) is reduced to the half of the particle
radius for a monodisperse suspension. Figure 2 shows a
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FIG. 2. Schematic of the near-field particle interaction.
(a) Repulsive configuration and (b) Hertz contact config-
uration.

schematic of the near-field particle interaction configurations
and the quantities involved in the models defined in Eqs. (29)
and (30).

The last non-hydrodynamic force considered in this for-
mulation into Eq. (13) is the random Brownian force. A dis-
cussion of this stochastic force and full details on how to
incorporate one in numerical simulations of suspension flows
is presented in our recent work.26

F. Non-dimensional equations
and physical parameters

Since we are interested in studying the sedimentation of a
magnetic suspension, we made velocity, length, and time non-
dimensional using the reference scales based on the radius of a
single particle a and the Stokes velocity of an isolated particle
Us. Consequently, the non-dimensional expressions for veloc-
ity and distance are written as u∗ =u/Us, r∗ = r/a. In addition,
a convective time scale associated with the time that a parti-
cle sediments with the Stokes velocity a distance equal to its
own radius is defined as t∗ = tUs/a. Here the upper asterisks
should be used to denote non-dimensional quantities. How-
ever, we have opted to make the notation as clear as possible
by removing the asterisks from this point.

Considering the characteristic velocity, length, and time
scales mentioned so far, the non-dimensional set of equations
governing the translational motion of each i particle immersed
in a magnetic suspension remains the same, except for the
expressions of the non-hydrodynamic forces. These are given,
in their dimensionless form, by

f g
i = −êz, f r

i = c1 |ui | e

(
−

εij
c2

)
êr , (32)

f c
i = Pcε

3/2
αβ êr , f b

i =

(
6

Peδτ

)1/2

ξ , (33)

where f g
i and f b

i are the dimensionless gravitational and Brow-
nian forces acting on particle i, respectively, and Pc is now a
non-dimensional parameter related to the elastic properties of
the particle material.

The magnetic force on a particle i, resulting from dipole-
dipole interactions, takes the following non-dimensional form:

f i
m =

24πλ
Pe




∑
x∈L

[J1(r) + J2(r)] +
2π

L4

∑
k∈L̂,k,0

J3(k)



. (34)

By calculating in a non-periodic manner, f i
m is given simply

by

f i
m =

24λ
Pe

∑
i,j

1

r4

[(
di · dj

)
r̂ij +

(
di · r̂ij

)
dj +

(
dj · r̂ij

)
di

− 5
(
di · r̂ij

) (
dj · r̂ij

)
r̂ij

]
. (35)

For the rotational motion of a particle i, we have

ωi =
(
Tb + T i

m

)
and Tb =

(
6

Perδτ

)1/2

ξ (36)

and

T i
m =

24πλ
Pe


−

∑
x∈L

T1(r) +
1

L∗3

∑
k∈L̂,k,0

T2(k)


+

3α
(
di × ĥ

)
4Pe

.

(37)
The dynamical physical parameters that appear in the non-
dimensional version of the governing equations are the trans-
lational and rotational Péclet numbers denoted by Pe and
Per , respectively, and the magnetic physical parameters asso-
ciated with dipole-dipole interparticle interactions and par-
ticle dipole-field interactions are represented by λ and α,
respectively. These parameters are defined as follows:

Pe =
Usa
D

, Per =
Us

DRa
, λ =

µ0m2
d

4πkBT (2a)3
, α =

µ0mdH0

kBT
,

(38)

where D = kBT/(6πηa) is the Stokes-Einstein translational
Brownian motion diffusivity, DR = kBT/(8πηa3) is the rota-
tional Stokes-Einstein diffusivity coefficient, md is the magni-
tude of the magnetic dipole moment of a single particle, and H0

is a typical value of the imposed external magnetic field. When
exploring Brownian regimes, α and λ are used as the magnetic
parameters. For non-Brownian suspensions, we introduce two
new dimensionless parameters ψm and ϕm. These parameters
are defined, respectively, as follows:

ϕm =
µ0m2

d

8π2ηa5
1Us

and ψm =
mdH0

6πηa2
1Us

. (39)

The use of the parameters ψm and ϕm is more appropriate
when performing numerical simulations of non-Brownian sus-
pensions since they are not split into a combination of α and
λ with Pe and Per . It is important to highlight that for non-
Brownian suspensions both Pe → ∞ and Per → ∞. Under
this condition, the parameter ϕm accounts for the contribu-
tions of force/torque dipole-dipole interactions, whereas ψm

accounts for the intensity of the applied field. In this scenario,
both ϕm and ψm relate magnetic and sedimentation effects.
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III. NUMERICAL METHOD

The numerical algorithm used to compute magnetic and
hydrodynamic periodic interactions in a sedimenting monodis-
perse suspension of spherical particles requires several steps.
Initially, the number of particles, the number of boxes over
the lattice space, the number of particle realizations, and the
physical parameters such as α, λ, Pe, Per , and φ are informed
as inputs. Then the initial condition is generated without par-
ticle overlap for all realizations. It should be important to note
that the numerical realizations are all computed simultane-
ously. The generation of the initial condition is performed by
distributing all the particles randomly and independently in
space and then checking if the smallest distance from the cen-
ter of two particles is greater than 2a. If this condition is not
satisfied for any pair of particles, a small random displacement
is provided by a Brownian kick in order to ensure the absence
of particle overlap in the initial condition. After the generation
of the initial condition, we then create the imaginary lattice-
cells distributed throughout the neighborhood of the central
cell as shown in Fig. 3.9,10

The procedure of constructing the imaginary lattice-cells
is made of two parts: one for the lattice physical space and
another for the lattice reciprocal space. For the lattice physical
space, we simply add to the position of each particle in the
central cell the vector xR defined as

xR =

3∑
i=1

γiliêi, γi ∈ Z. (40)

Here γ1, γ2, γ3 are integers that in the present simulations vary
from [�2, +2] and l1, l2, l3 are the lengths of each size of
the central cell. The vectors denoted by γi are called lattice

vectors. Figure 4 shows a sketch of the procedure represented
in Eq. (40).

These possible combinations lead to a total of 53 = 125
lattice-cells. Note that when γ1 = γ2 = γ3 = 0, we are exactly
on the central cell. Each combination of values for the γi coef-
ficients denotes a different lattice. For the reciprocal space
sum, we must add to the position of each particle the vector xk

defined as

xk =

3∑
i=1

2π βi

li
êi, βi ∈ Z, (41)

where Z represents the set of integer numbers and
β1, β2, β3 are integers varying in the range of [�2, +2].
This procedure is performed for creating reciprocal lat-
tice cells with different wavelengths. Again, in order to
identify each lattice cell, we enumerate them according to
Fig. 5.

The algorithm used to enumerate all the lattice-cells is
based on

Ln = ζ1 + ζ2 + ζ3, (42)

where ζ1, ζ2, ζ3 denote the components of a vector called the
lattice enumeration vector and Ln is the lattice number. This
vector varies for each lattice according to

ζ1 = (γ1 + max |γi |) × N2/3
l ,

ζ2 = (γ2 + max |γi |) × N1/3
l ,

ζ3 = γ3 + max |γi | + 1.
(43)

For instance, the central cell is denoted by γi = (γ1, γ2, γ3)
= (0, 0, 0), if the periodic system is composed of 125 lattice-
cells, then γi = [−2, +2] and max |γi | = 2. In this example, we
take ζ1 = 50, ζ2 = 10, and ζ3 = 3. So, the number of central

FIG. 3. (a) shows the physical center lattice-cell and
its neighboring imaginary lattice-cells. (b) illustrates an
example of cell identification for a 2D domain. In this
example, the cell (0,0) represents the physical lattice-cell,
whereas all the other cells are only an imaginary repre-
sentation used to emulate an infinite domain by using a
periodic structure in space.

FIG. 4. (a) shows the distance of an arbitrary black par-
ticle in the physical cell to its correspondent counterpart
in one of the other imaginary lattice-cells. (b) shows the
details of calculating the distance between these particles.
(c) shows how the lattice vectors are build.
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FIG. 5. (a)–(e) represent the numera-
tion of each of the 125 lattice-cells in dif-
ferent planes for the three-dimensional
situation considered here. (f) shows a
typical periodic structure used in one of
our simulations.

cells according to this algorithm is Ln = 63. This result is shown
in Fig. 5(c). It is important to enumerate each lattice-cell since
we shall consider the interaction between all the particles in
imaginary lattice-cells with the real lattice-cell particles in
order to compute their motions influenced by magnetic and
hydrodynamic interactions. This procedure is made in a loop
that runs through all the lattice-cells and accounts for the
effect that imaginary particles have on their counterparts in
the central lattice-cell.

After processing the initial configuration for all the lat-
tices, we then compute several tables for the values of the
functions F(r), G(r), and H(k), used to compute matrices
M1(r) and M2(k), and for the values of the functions B(r),
C(r), and D(r), used to compute long-range periodic magnetic
interactions. Since these quantities depend only on the dis-
tances between the particles and on the different wavelengths
used in the computation of the reciprocal sums, we can calcu-
late them first for all possible particle configurations and then
interpolate these values from the pre-tabulated mobility func-
tions. This procedure is very accurate and avoids the expensive
calculation of the mobility functions in all time steps. This idea
decreases drastically the computational cost of the present
simulations, that is, O(N2 × Nc). In our system, these pre-
calculated tables may be interpreted as unidimensional meshes
with 104 nodes. When the simulation geometrical parameters
(i.e., the number of particles and their volume fraction) are
defined, we already know the largest and shortest distances
that two arbitrary interacting particles should have. The same
is valid for all possible wavenumbers. Our one-dimensional
mesh of pre-tabulated functions is constructed as shown
in Fig. 6.

The range of possible distances lies in the interval
[2,
√

3`], where ` = N1/3
`
× `. Here ` is the length of an edge

of the central lattice-cell. The range of possible wavenumbers
lies in the interval [2π/

√
3`, π].

Now, since the physical parameters represent the relation
between different time scales of the particle motion, we define
the numerical time step ∆t based on the ratio of these time
steps. Namely,

∆t = min

(
Pe
10

,
α

10
,
λ

10
, 0.01

)
. (44)

Here 0.01 works as a numerical filter in order to avoid a large
time step.

The forces acting on the particles are computed, and then
the velocity and the positions of the spheres are calculated.
We use a first order Runge-Kutta scheme (i.e., Euler scheme)
in order to evaluate the positions of the particles in Brown-
ian regimes. After calculating their velocities, we calculate
their positions as xn+1 = xn + un∆t. Here n + 1 denotes
the next iteration and n denotes the current one. For a more
smooth continuous motion (non-Brownian regimes), we use
a fourth-order Runge-Kutta scheme. In addition, the torques
acting on the particles are also evaluated. With this informa-
tion, the angular velocities of all particles are computed and
it is assumed that the particle dipole moments will turn along
with their angular velocities. After calculating the new values
of the particle magnetic dipoles, the particle velocities evolve
in time with the next time step. This procedure is done until the
values of the desired transport properties reach a steady-state
behavior.

FIG. 6. The one-dimensional meshes used to pre-
tabulate the mobility functions for hydrodynamic and
magnetic interactions in periodic spaces. This calculation
is performed for the physical and reciprocal spaces.
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A. Computational cost

The computational cost is drastically reduced when peri-
odic particle interactions are not performed during the sim-
ulations. An analysis on the cost of the present simulations
can be done based on the results shown in Fig. 7. In this
plot, we present the computational cost in order to perform
10 time evolution iterations for 10 simultaneous realizations
with a different number of particles in the central cell and sev-
eral combinations of periodic and non-periodic computations.
Actually, the idea is to show that the computations of the peri-
odic particle interactions require a very high computational
time. In order to perform this analysis, we consider different
possibilities of combining periodic and non-periodic particle
interaction computations of the magnetic forces and torques
and also of hydrodynamic interactions.

By this analysis, we aim to show that depending on the
particle volume fraction and the parameter of dipole-dipole
interaction, it is possible to use a hybrid model, involving both
interparticle interactions calculated periodically for slower
decay of interactions like 1/r and a non-periodic calculation
of interactions decaying like 1/r4. The computational cost of
the present simulations is O(Nc ×N2), and it rapidly increases
when all types of particle interactions are calculated period-
ically by using the image system in the reciprocal space of
a lattice. Actually, the difference between the computational
time for the case of performing particle-particle interactions
using 1500 particles (in the central cell and 187 500 in the
whole lattice structure) with full periodicity (i.e., in mag-
netic forces and torques and hydrodynamic interactions) and
for the case in which only magnetic torque interactions (that

FIG. 7. Non-dimensional computation time of the simulations as a func-
tion of the inverse number of particles in the central cell. The dashed line
denotes periodic calculations only for magnetic torques induced by interpar-
ticle correlations, the dashed-dotted line represents periodic calculations only
for magnetic forces, the dotted line stands for non-periodic magnetic calcula-
tions with periodically hydrodynamic computations, the black circles denote
magnetic forces and torques calculated periodically, and finally the continu-
ous line represents the full periodic calculation including magnetic forces and
torques and hydrodynamic interactions. The dimensional tcomp has a unit of
Stokes time τS = a/Us. The inset in the plot shows an extrapolation of the
computation time for N → 104.

TABLE I. Computation time as a function of the number of particles for
different combinations of periodic and non-periodic computations of the
magnetic particle interactions.

N Condition 1 (s) Condition 2 (s) Condition 3 (s)

50 5.09 2.46 0.04
100 20.53 9.43 0.11
200 99.21 38.18 0.41
500 712.91 333.42 2.93
700 1402.90 653.21 5.98
1000 2863.10 1315.30 13.60
1500 6458.92 3017.09 31.55

decays like 1/r3) are computed periodically is above 200%. In
addition, Fig. 7 also shows that there is an interesting spec-
trum of possibilities of combining different arrangements of
periodic/non-periodic computations for saving computational
time. The inset of the figure presents an extrapolation for a
large number of particles in the central cell, N = 104. The
estimated computation time for numerically performing this
number of particles by using the full periodic dipolar mag-
netic force-torque and hydrodynamic particle interactions is
about 105 h (5 days) for only 10 interactions. In contrast, sim-
ulations computing only periodic magnetic interaction torques
1/r3 in the absence of viscous hydrodynamic interactions cost
about a half of the computation time, i.e., 50 h (2 days). The
main concern is to find an acceptable possibility balancing the
computational cost and the accuracy required on the calcula-
tion of the suspension transport properties, depending on the
practical application or scientific interest.

As a complementary result, Table I presents the numer-
ical values obtained for magnetic particle interactions with
full periodic computations (condition 1), for magnetic parti-
cle interactions with periodicity in torque interactions only
(condition 2), and for magnetic particle interactions using an
approach without any periodic interactions (condition 3) which
is consistent with the minimum image method described in
Ref. 56.

B. Convergence of the magnetization

In order to test particle-field magnetic interactions in
terms of a magnetic quantity of the suspension, we evaluate
the suspension magnetization considering 100 particles in the
central lattice-cell and making the statistics over 100 inde-
pendent realizations. In these tests, dipole-dipole magnetic
particle interactions are negligible, so that λ = 0. The par-
ticle volume fraction φ = 0.01 � 1 and Pe = 1. Under these
conditions, the periodic interactions are all turned off and only
particle dipole-field interactions for the torque are computed.
Figure 8(a) shows the magnetization relaxation till its steady-
state values for three values of the non-dimensional applied
magnetic field parameter α. In addition, Fig. 8(b) compares
the behavior of the steady-state magnetization as a function
of α predicted by our numerical simulations with the clas-
sical Langevin model O(φ) in the absence of dipole-dipole
interactions.1

The Langevin theoretical model of the non-dimensional
equilibrium magnetization is given by1
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FIG. 8. Non-dimensional magnetization in the absence
of dipole-dipole interactions (i.e., λ = 0). (a) Magne-
tization as a function of time for different intensities of
the non-dimensional applied field. The steady-state of the
magnetization is shown in plot (b), through a comparison
of the magnetization predicted by our numerical model
(black circles) as a function of the non-dimensional mag-
netic field α with the Langevin O(φ) theoretical model
(continuous line).1

M0

Ms
= L(α) = coth(α) −

1
α

, (45)

where L denotes the so-called Langevin function, M0 is the
equilibrium magnetization of the suspension, and Ms = φMd

is the saturation magnetization which depends on the vol-
ume fraction φ of the particles and on the magnetization
of the particle bulk solid material Md . The error bars for
the first points of Fig. 8(b) were omitted since they lie in
a Brownian regime with a high level of fluctuations (i.e.,
α ∼ 1 and Pe∼ 1). These results indicate that for all values
of α shown in the plots the magnetization reaches a steady-
state and consequently an equilibrium value. The behavior
of the magnetization relaxation curve given by the numerical
simulations is quite consistent with the Langevin theoretical
prediction. Therefore, under the condition of particle dipole-
magnetic field interaction in the absence of dipole-dipole inter-
actions (i.e., O(φ) effect), the numerical results are in perfect
agreement with the theory. This is a first step for the val-
idation of the present numerical simulation of magnetic
suspensions.

FIG. 9. Convergence of the suspension equilibrium magnetization as a func-
tion of the inverse number of particles. Solid line—non-periodic system.
Dashed line—full periodic calculation including magnetic forces and torques
and hydrodynamic interactions. Circles—magnetic torque interactions only.
Triangles—periodicity only on magnetic force. Squares—hybrid model with
magnetic forces and torques calculated periodically in the absence of hydro-
dynamic interactions. The inset shows an amplification of the convergence
test behavior for the interval 1/N = [6 × 10−4, 1.5 × 10−3].

In order to evaluate the convergence of this method,
we compute the variation of the equilibrium magnetization
with respect to the number of particles simulated for differ-
ent combinations of periodic and non-periodic calculations of
magnetic forces, torques, and hydrodynamic interactions. This
result is depicted in Fig. 9.

Figure 9 shows that all possibilities simulated in the code
present very good convergent values. These results represent a
typical numerical test in order to verify the convergence of the
method. Now, in order to check if the numerical predictions
are converging to accurate quantitative values, a comparison
between numerical results and experimental data or at least a
comparison between numerical results and the best available
theoretical models to date is required.

C. Validation of hydrodynamic interactions—Mean
sedimentation velocity

We validate the new physical effect due to incorporation of
the periodic hydrodynamic interactions between the particles
by calculating numerically the well-known mean sedimenta-
tion velocity of a monodisperse suspension. Different particle
volume fractions are tested for both initial particle configu-
rations: random and ordered suspensions. In the numerical
result shown in Fig. 10(a), the simulations are performed over
500 particles in the central cell that is replicated periodically
on 125 lattice-cells. The statistics is made over 100 indepen-
dent realizations. The error bars associated with the numerical
results are also calculated. For performing the results shown
in Fig. 10(b), we consider 27 particles in the central cell in an
ordered arrangement of particles for one realization and also
consider 125 lattice-cells periodically distributed in space.

The asymptotic solutions and empirical correlations used
to validate our numerical implementations are described by
the following set of Eqs. (46)–(50):

U(φ)
Us
= 1 − 5φ + O(φ2), (46)

U(φ)
Us
= (1 − φ)n, with n = 5.1, (47)

U(φ)
Us
= 1 + φ −

1
5
φ2 −

6
5
φ

(
5 − φ + 0.5φ2

1 + 2φ

)
, (48)

U(φ)
Us
= 1 − 1.7601φ1/3 + φ − 1.5593φ2 + O(φ8/3), (49)

U(φ)
Us
= 1 − 1.7601φ1/3 + φ − 1.5593φ2 + 3.9973φ8/3

− 3.074φ10/3 + O(φ11/3). (50)
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FIG. 10. Non-dimensional mean sedimentation velocity of a monodiperse suspension of spherical rigid particles. (a) Simulations with a random initial condition
and (b) simulations with an ordered initial condition. In plot (a), the continuous line represents the theoretical solution O(φ) given in Eq. (46),57 the dashed line
represents Eq. (48),55 the dotted line stands for the classical empirical relation (47) found by Richardson and Zaki,58 and the black circles represent the numerical
results of the present numerical simulations. In (b), the dashed line represents the asymptotic solution (49),21 the continuous line represents Eq. (50),28 and the
black circles denote the results of our numerical simulations. The error bars are also shown for the case of random initial conditions.

In Fig. 10, a very good agreement between the numer-
ical simulation results and theoretical predictions at a dilute
regime of the suspension can be seen (i.e., φ around 1%). The
same result can be observed when numerical results are com-
pared with empirical correlations for higher particle volume
fractions. The backflow effect induced by particle hydrody-
namic interactions is correctly captured by the present numer-
ical simulations. The typical decrease in the suspension mean
sedimentation velocity as a direct consequence of viscous
hydrodynamic interactions is clearly present in the results
shown in Figs. 10(a) and 10(b). Recent lattice-Boltzmann
numerical simulations carried out in the study59 have captured
qualitatively the same behavior shown in Fig. 10(b).

D. Validation of periodic dipole-dipole magnetic
interactions—Equilibrium magnetization

In Sec. III C, we tested the implementation of hydrody-
namic interactions by comparing our numerical results with
asymptotic theories and well established empirical relations.
The suspension macroscopic property used to this end was
the mean sedimentation velocity in a system of rigid spheres.
Now, the process used here to validate the implementation
of dipole-dipole magnetic interactions is based on the same
premise. We use the steady-state value of the suspension
magnetization in order to validate this physical property of
a magnetic suspension. To this end, a comparison between
the numerical and theoretical mean field predictions O(φ3, λ2)
of Ivanov and Kuznetsova37 is carried out. This theoretical
model has been successfully used to predict the magnetiza-
tion of dense ferrofluids with particle volume fractions up to
0.1. Here, it is possible to capture the physics of a magnetic
suspension dominated by dipole-dipole interactions involving
at least the effect of two particles magnetically interacting
with a third reference particle, which corresponds to the con-
ditional probability of finding one particle given that there are
two neighboring particles around. This conditional probabil-
ity scales like φ3, that is, the prediction of φM0/Ms calcu-
lated by Ivanov and Kuznetsova37 which scales like φ3 or in
terms of the bulk magnetization of a particle Md . Therefore,
φM0/Ms = M0/Md ∼ φ

3.

A comparison between the O(φ3, λ2) mean field model
calculated by Ivanov and Kuznetsova37 and our numerical
results is shown in Fig. 11 with the particle volume frac-
tions ranging from 0 to 0.2. So, the non-dimensional equi-
librium magnetization φM0/Ms is plotted as a function of the
particle volume fraction, Ms is the saturation magnetization.
A quite good agreement between the numerical simulation
results and the theoretical prediction O(φ3, λ2) of Ivanov and
Kuznetsova37 can be seen in the range of 0 < φ < 0.1. In this
range, we can say that the asymptotic theory is sufficient to
predict satisfactorily the equilibrium magnetization of a mag-
netic suspension or ferrofluid. The relative error between the
results for φ = 0.1 is much less than 1%. However a substan-
tial discrepancy and a still bigger one between the asymptotic
solutions and the numerical simulations of 9% and 21% are
computed for particle volume fractions of 0.15 and 0.2, respec-
tively. Actually, we can argue that for φ < 0.1 the suspension

FIG. 11. Non-dimensional equilibrium magnetization φM0/Ms as a function
of the particle volume fraction,φ. The continuous line represents theO(φ3, λ2)
asymptotic mean field theory,37 while the black circles represent the results of
our numerical results. Parameters used in the simulations are λ = 1, Pe = 0.1,
α = 1 with 500 particles and 50 realizations.
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FIG. 12. A typical picture of small particle agglomer-
ates formed during our numerical simulations. (a) Small
structure composed of few particles for a magnetic sus-
pension with particle volume fraction φ = 0.05 after 20
Stokes time, a/Us. (b) Typical picture predicted by the
numerical simulations showing structures like agglomer-
ates with seven particles near neighboring small particle
agglomerates. For this last case, the particle volume frac-
tion was φ = 0.15, and the picture was captured from the
simulation after 20 Stokes time, a/Us. Parameters used
in the simulations are λ = 1, Pe = 0.1, α = 1.

structure is dominated by interactions of up to two particles
with a reference particle. On the other hand, for φ > 0.1,
higher order effects will appear due to the formation of small
agglomerates with more than two interacting particles with
a test particle as indicated in Fig. 12. These higher order
effects are not captured by the asymptotic theory since these
involve magnetic contributions beyond two particles interact-
ing with a third particle which requires anO(φ4) correction and
so on.

In Fig. 12(a), we can see the formation of small dimers
for suspensions with a particle volume fraction φ = 0.05. In
this dilute regime, the physics of the suspension are domi-
nated by interactions of pairs of particles, and the equilibrium
magnetization is well predicted by the theoretical model devel-
oped in Ref. 37. Now, when the particle volume fraction is
increased to φ = 0.15, new structures of particle agglomer-
ates are observed. Figure 12(b) shows a typical cluster with
seven particles surrounded by dimers and isolated particles.
As mentioned before, dipole-dipole magnetic interactions for
agglomerates with more than three particles involve higher
order effects, which explains the deviation observed between
the present numerical results and the O(φ3, λ2) theoretical
model shown in Fig. 11. In our numerical code, the interac-
tion between all the particles in the suspension is considered
by using the approach of particles interacting via the pairwise
additivity.

Figures 11 and 12 show not only a validation of our
code but also the importance of numerical simulations in
order to predict the equilibrium magnetization of concen-
trated magnetic-Brownian suspensions. When examining the
equilibrium magnetization φM0/Ms of magnetic fluids for
particle volume fractions beyond 10%, the numerical sim-
ulations become a very important tool since the higher
order corrections associated with the suspension structure
heterogeneities produced by dipole-dipole interactions can
be accurately predicted. In addition, it also provides us
information regarding how the suspension property depends
on microstructural transitions induced by particle-particle
interactions.

IV. RESULTS AND DISCUSSIONS
A. The influence of magnetic interactions
in the mean sedimentation velocity

Several studies55,57,58 have been done in order to pre-
dict the mean sedimenting velocity of a suspension of non-
magnetically interacting spheres. Now we know that the net

effect of hydrodynamic interactions (e.g., backflow) produces
a decrease in the suspension mean sedimentation velocity since
the nonlinear flow induced by the hydrodynamic interactions
changes the scenario of the motion of an isolated particle under
gravity. In this work, we also examine the interplay of hydro-
dynamic and dipole-dipole magnetic interactions on the mean
sedimentation velocity of a non-Brownian, unstable, magnetic
suspension.

Figure 13 shows an interesting finding of the nonlinear
behavior of the mean sedimentation velocity of a test particle,
resulting from viscous hydrodynamic interactions and dipole-
dipole magnetic interactions acting together on the magnetic
suspension. The simulations were performed in the absence
of Brownian motion (i.e., far from the equilibrium condition)
corresponding to a regime of high Péclet numbers. Now, as the
magnetic dipole-dipole interactions are added as being an extra
mechanism of particle-particle interactions, the behavior of the
mean sedimentation is found to change drastically. We can see
that for a particle volume fraction below the value φmax = 0.04
corresponding to (U/Us)max = 1.45, the mean sedimentation
velocity increases with φ. Beyond this point, the mean

FIG. 13. Non-dimensional mean sedimentation velocity as a function of the
particle volume fraction at high Péclet numbers (non-Brownian suspension).
In these simulations, ϕm = 2 in the absence of an external magnetic field
(i.e., ψm = 0). Each point in the plot is determined considering a statistics
over 500 spherical particles and 50 random and independent realizations. The
filled circles represent the numerical results of the present simulations, and
the dashed line represents an empirical fit, based on Richardson-Zaki58 law,
given by U/Us = C1(1 − φ)n, where C1 = 2.1 and n = 8.
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sedimentation velocity decreases in the same way of the stan-
dard behavior of the average settling velocity of non-magnetic
rigid spheres. However, the influence of magnetic interactions
makes the decay different with a Richardson-Zaki law expo-
nent n > 5.1, in this case n = 8. This means that the suspension
mean velocity is faster than the case without magnetic effects
as a direct consequence of the presence of small aggregates
formed by the influence of the attractive dipole-dipole inter-
actions. These small aggregates settling faster than an isolated
particle induce an increase on the average settling velocity.
This behavior is observed for a fixed value of the magnetic
interaction parameter, ϕm = 2, and also in the absence of an
external magnetic field.

This quite a different behavior of the standard one already
shown in Fig. 10 can be explained based on our numerical
simulations. As the particle volume fraction increases, in the
presence of dipole-dipole magnetic interactions, it induces the
formation of locally small structures by the attractive magnetic
forces. As mentioned above, these small structures sediment
faster than an isolated particle as predicted by the scaling
(Rg/a)2Usφ, where a is the radius of an isolated particle as
defined before, Us is the Stokes velocity, and Rg is the gyration
radius of the particle agglomerate.10,60 At this dilute regime,
this mechanics induced by dipole interactions dominates the
hydrodynamic interactions, resulting in the observed increase
of the mean sedimentation velocity for φ below 0.04. The sim-
ulation results indicate that in the interval 0 < φ < φmax an
increase of the particle volume fraction is favorable to aggre-
gate formation since the magnetic dipole-dipole force and
torque interaction decays relatively fast, like 1/r4 and 1/r3,
respectively. On the other hand, hydrodynamic interactions

which decay slowly like 1/r are not strong enough at this range
of volume fractions to randomize the suspension structure by
velocity fluctuations and to avoid aggregate formation by the
magnetic attractive force.

Now, if the particle volume fraction increases above φmax,
the dispersive character of the hydrodynamic interactions starts
to dominate magnetic dipole-dipole interactions. Hydrody-
namic interactions then induce velocity fluctuations on the
particles inside the agglomerates avoiding the growth of the
agglomerates and producing possible breakups on the struc-
tures already formed. This mechanism leads to a decrease in
the mean sedimentation velocity as φ increases.

In particular, these results are also important to show the
difference in the physical nature between magnetic and hydro-
dynamic interactions. While magnetic interactions tend to
induce the formation of particle agglomerates, hydrodynamic
interactions tend to randomize the particle distribution, mak-
ing the suspension more statistically homogeneous in terms of
structure. So, we can say that while the hydrodynamic inter-
actions have a stabilizing effect on the suspension structure,
the dipole-dipole interactions produce an unstable effect asso-
ciated with the formation of particle agglomerates. Actually,
these observations are supported by instantaneous snapshots
of the suspension structure during its time evolution process,
as given by our numerical simulations. Figures 14 and 15
show the pictures of the suspension structure in the central
lattice-cell at the initial stage of the simulation and after 20
Stokes time, respectively, for φ = 0.04. We can see the pres-
ence of particle agglomerates as the magnetic interactions
are considered together with hydrodynamic interactions. Dif-
ferently, under the condition of ϕm = 0 (particles interacting

FIG. 14. Initial random distribution in the central lattice-
cell. (a) ϕm = 0 and (b) ϕm = 50. Here φ = 0.04 and
ψm = 0.

FIG. 15. Particle distribution after 20 Stokes time in the
central lattice-cell. (a) ϕm = 0 and (b) ϕm = 50. Here
φ = 0.04 and ψm = 0.
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FIG. 16. Particle distribution after 10 Stokes time in the
central lattice-cell with ϕm = 10. (a) does not account
for hydrodynamic interactions, while (b) computes both
magnetic and hydrodynamic interactions. Here φ = 0.15.

hydrodynamically only), the structure of the suspension is
found to be approximately statistically homogeneous.

In addition, the simulation results shown in Fig. 16 illus-
trate a dispersive behavior of the hydrodynamic interactions
on the suspension structure for φ = 0.15. The hydrodynamic
interactions are not considered in the suspension structure
shown in Fig. 16(a), whereas in Fig. 16(b) the simulations
are performed in the presence of hydrodynamic interactions.
Again, a quite heterogeneous suspension is seen by consid-
ering the effect of dipole-dipole magnetic interactions only.
Agglomerates of a considerable large number of particles can
be observed in the suspension picture shown in Fig. 16(a). In
contrast, for the case in which both hydrodynamic and mag-
netic interactions are considered at the same particle volume
fraction, the suspension structure is much more isotropic and
homogeneous even after 10 Stokes time. So, these simulations
demonstrate clearly the dispersive character of hydrodynamic
interactions in contrast with the aggregative nature of the mag-
netic interaction. Rigorously speaking, the diffusive character
of hydrodynamic interactions produces a mixing which keeps
the suspension in a configuration of particles approximately
random and independently close to the equilibrium of the
initial particle distribution.

In addition, the left trajectory in Fig. 17 corresponds to
simulation results for a trajectory of a non-Brownian sedi-
menting particle (i.e., Pe � 1) in the interior of a very dilute
suspension (φ = 0.001) in the absence of magnetic dipolar
particle interactions (i.e., ϕ = 0). The motion is exactly the
same as the one of an isolated spherical particle in which the
trajectory is quite monotonic in the gravity direction. In con-
trast, the trajectory on the right side of Fig. 17 shows that as
the particle volume fraction is increased fifty times φ = 0.05
and ϕ = 1, the resulting trajectory in the presence of hydrody-
namic and magnetic particle interactions presents appreciable
fluctuations (i.e., non-monotonic) even for a non-Brownian
test particle. Therefore, even if all particles in a suspension
are identical spheres of the same size and density, they do not
all fall at the same velocity. Here, the variation of the settling
velocity during sedimentation is a result of viscous hydrody-
namic and dipole-dipole interactions between the particles.
This result indicates that a larger particle lacks this Brownian
motion but often exhibits a diffusive motion originated from
its long-range hydrodynamic-magnetic interactions with other
large particles in the suspension.

FIG. 17. Numerical simulation results for two trajectories of a sediment-
ing test particle in the interior of a non-Brownian magnetic suspension (i.e.,
Pe� 1) in the presence of dipolar magnetic interactions and viscous hydro-
dynamic interparticle interactions. The left side trajectory corresponds to a
very dilute condition φ = 0.001 in the absence of dipolar interactions ϕm = 0.
The particle motion is equivalent to the vertical trajectory of an isolated non-
interacting sedimenting particle. On the other hand, the right side trajectory for
φ = 0.05 and ϕm = 1 presents velocity fluctuations and a non-monotonic tra-
jectory due to the induced combined effect of the magnetic and hydrodynamic
interactions of the neighboring particle on the reference one.

B. The influence of hydrodynamic interactions
on the equilibrium magnetization

We have shown a very good agreement between mag-
netization predictions performed by our numerical code in
the absence of hydrodynamic interactions and the O(φ3, λ2)
asymptotic model.37 Several works have investigated theo-
retically and by computer simulations (i.e., Monte Carlo and
Brownian dynamics) the behavior of ferrofluid equilibrium
magnetization, including the effect of particle polydisper-
sity.37,43–45 However, their results for both theoretical calcu-
lations and numerical simulations have neglected the effect
of viscous hydrodynamic interactions. Actually, the influence
of hydrodynamic interactions on the magnetic suspensions
of many interacting particles has not been well explored so
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far. Some theoretical works made by our group have exam-
ined the influence of hydrodynamic interactions on mag-
netic suspensions. However the calculations have been always
restricted to the problem of two interacting particles (i.e.,
very dilute suspensions)5,6,61,62 or near-field hydrodynamic
interactions.63

In order to examine the effect of the long-range hydro-
dynamic interactions on the equilibrium magnetization of a
magnetic suspension, we have performed numerical simula-
tions for several volume fractions of particles ranging from
0 to 0.2. The magnetic interactions were computed period-
ically through the Ewald summation technique20 for torque
magnetic dipole-dipole interactions (which decay like 1/r3)
and in a non-periodic way for force-dipole interactions (which
decay like 1/r4). The simulations all used 300 particles in the
central lattice-cell and 125 periodic lattice-cells. The suspen-
sion statistics is performed over 50 independent realizations.
Figure 18 shows the results obtained.

We can see that for particle volume fractions below 0.1,
both numerical simulation results are very similar. In this
range of the plot, not only hydrodynamic interactions are of
low importance in the behavior of the ferrofluid equilibrium
magnetization but also dipole-dipole interactions are less sig-
nificant when compared to the effect of the magnetic field. The
simulations were carried out for α = 1, λ = 1, and Pe = 1.0.
These values define a Brownian regime with intense transla-
tional and rotational velocity fluctuations. The values of the
physical parameters were set in this way in order to capture
the influence of particle interactions in the overall behavior of
the magnetic suspension. If we had chosen, for instance, high
values of α, the external field would dominate any attempt of

FIG. 18. Non-dimensional magnetization, φM0/Ms, as a function of the par-
ticle volume fractionφ for 300 particles in the central box. In these simulations,
an external magnetic field is considered, i.e.,α = 1. The full-line represents the
numerical simulation results in the absence of hydrodynamic interactions, and
the black filled circles represent the numerical simulation results in the pres-
ence of hydrodynamic interactions. The inset shows the relative error between
both numerical results accounting or not the hydrodynamic interactions. Other
physical parameters considered are λ = 1, Pe = 1.0.

particle interactions in changing the suspension equilibrium
magnetization.

For values of φ around 0.15, there is already a deviation of
5% between both numerical simulations (with and without the
effect of hydrodynamic interactions). A further increase in the
particle concentration leads to an appreciable decrease in the
equilibrium magnetization φM0/Ms produced by the disper-
sive effect of hydrodynamic interactions disorienting particle
dipoles oriented by the external field and also attenuating the
formation of particle chains or agglomerates. For instance, at
φ = 0.15, the magnetization is 5% lower in the presence of the
viscous hydrodynamic interactions, whereas at φ = 0.2 with
stronger hydrodynamic interactions between the particles this
difference increases to around 15%. This relative difference
between the numerical simulation results for both situations is
denoted by ∆ and calculated as being ∆ = 100× |N1 −N2 |/N1.
Here N1 represents the numerical results without hydrody-
namic interactions and N2 represents the ones considering the
effect of hydrodynamic interactions (see the inset in Fig. 18).
It is seen that for smaller values of φ (i.e., up to 0.1), since the
absolute value of the suspension magnetization is very small,
fluctuations in ∆ are observed. However for φ beyond 0.1, ∆
increases monotonically as a function of φ. The parameter φ
is the main physical parameter for controlling the effect of
viscous hydrodynamic interactions on a suspension. Actually
for higher values of φ, the dispersive nature of the hydrody-
namic interaction tends to inhibit the formation of large chains
or agglomerates of particles and therefore decreases the mag-
nitude of the equilibrium magnetization even at a regime of
Brownian suspensions. We have also seen for a sedimenting
suspension in a given particle volume fraction that the effect
of hydrodynamic interactions on the magnetization, as the
Péclet number increases, is almost imperceptible. Owing to
their dispersive character, hydrodynamic interactions tend to
produce in a magnetic suspension a state always close to parti-
cle distributions which are statistically homogeneous (i.e., an
equilibrium condition).

Figure 19 shows typical pictures of particle configura-
tions after 100 Stokes time of simulation. The simulations
are performed in Brownian regimes with Pe = 0.1 and an
applied field with α = 1. The dipole-dipole magnetic inter-
action parameter is λ = 1. When we compare Figs. 19(a) and
19(b), we can see that the fact of incorporating hydrodynamic
interactions at this particle volume fraction does produce any
appreciable change in the suspension structure. The suspen-
sion persists close to a particle configuration that is statistically
homogeneous. In fact, for the particle volume fractions up to
0.1, the effect of hydrodynamic interactions on the suspension
microstructures and its bulk response is not yet perceptible. On
the other hand, the picture of the suspension time evolution,
Fig. 19(c), in the absence of hydrodynamic interactions, shows
the presence of large particle agglomerates and small chains
in several places of the suspension induced by the presence of
magnetic interactions. When hydrodynamic interactions are
incorporated into the numerical simulations, the structure of
the suspension under the same conditions of physical param-
eters changes as shown in Fig. 19(d). We can see that the
suspension structure in the presence of hydrodynamic interac-
tions is more homogeneous and isotropic without the presence
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FIG. 19. Typical pictures of the suspension time evolu-
tion after 100 Stokes time, a/Us. ((a) and (b)) Magnetic
suspensions with φ = 0.1 whereas ((c) and (d)) magnetic
suspensions with φ = 0.2. In all cases, the Brownian
regime and applied field are considered. The physical
parameters of the simulations were λ = α = 1, Pe = 0.1.
The difference between (a) φ = 0.1—without hydro-
dynamic interactions, (b) φ = 0.1—simulations with
hydrodynamic interactions, (c) φ = 0.2—without hydro-
dynamic interaction, and (d) φ = 0.2—simulations with
hydrodynamic interactions.

of dense anisotropic agglomerates and chains, as the scenario
shown in Fig. 19(c). So hydrodynamic interactions exert a net
mixing that gives the suspension a more stable distribution
corresponding to an equilibrium condition in the absence of
anisotropic and heterogeneous structures and long chains.

C. Time evolution of an initially spherical blob
composed of magnetic particles

The dispersive nature of viscous hydrodynamic interac-
tions producing a topological change in an initially spherical
blob of non-magnetic particles was first studied theoretically
in a paper by Nitsche and Batchelor60 by using point particle
approximations. After this, some authors have investigated the
sedimentation of a spherical blob experimentally64 and with
more sophisticated numerical simulations.10 Basically they
have shown the importance of viscous hydrodynamic interac-
tions between the particles inside the blob in order to produce
topology transitions as the blob sediments in the creeping flow
under gravity action. However, neither of these previous works
have considered the interplay of magnetic and hydrodynamic
interactions together on the topology of the spherical problem
as it evolves in time by sedimentation.65–67

So, in this last part of this work, we examine the struc-
ture transitions of a sedimenting blob composed of magnetic
particles which can interact magnetically and hydrodynami-
cally. To this end, an initially spherical blob formed by 500
individual particles distributed randomly and independently is
considered. The blob structure is left to sediment under grav-
ity action. The volume fraction of particles inside the blob is
φB = 1%. Here φB = 3Nvp/4πR3

B, where N is the number of
particles inside the blob, vp is the volume of a single particle,
and RB is the gyration radius of the blob. The particles all have
the same diameter and density.

Now, we know about the dispersive nature of hydrody-
namic interactions inside a blob where the particles interact

hydrodynamically. This effect combined with dipole-dipole
magnetic interactions leads to a rich topological behavior of a
sedimenting blob composed of magnetic particles. In this part
of this article, we investigate the sedimentation process of a
spherical magnetic blob of particles interacting magnetically
in the absence of hydrodynamic interactions. Next, the inter-
play of the hydrodynamic and magnetic interactions is also
explored in terms of shape evolution and transverse velocity
fluctuations during the motion of the initially spherical blob.

Figure 20 shows a typical time evolution sequence of an
initially spherical blob composed of 500 non-Brownian mag-
netic particles. The sediments are free of the external action
of a magnetic field and of viscous hydrodynamic interactions.
First, only particle dipole-dipole force and torque interactions
are considered. The formation of small structures like micro-
aggregates within the blob domain is seen. In contrast with
the studies of non-magnetic particles interacting hydrodynam-
ically,60 the systematic particle escape from the spherical blob
to a wake behind its main structure has not been observed.
Instead of the dispersive character of the hydrodynamic inter-
actions in producing velocity fluctuations, the magnetic inter-
actions have an aggregative effect involving attractive forces
which produce a remarkable microstructural change inside the
aggregate, but keeping its topology approximately fixed. In
Fig. 20(c) corresponding to t = 100a/Us, we can see just a
small topological variation of the blob as a result of one iso-
lated particle and a small agglomerate of four particles having
escaped from the initially bounded spherical blob. Addition-
ally, Fig. 20(d) shows the behavior of the blob velocity in
the y direction (i.e., perpendicular to gravity). This result sug-
gests the existence of large velocity fluctuations in the settling
motion of the blob structure as a direct consequence of the for-
mation of smaller aggregates inside the blob by the presence
of magnetic interactions. The transverse motion of the blob
for t < 10 is approximately null, presenting only very small
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FIG. 20. Time evolution process of an initially spherical
sedimenting blob composed of magnetic particles inter-
acting magnetically only. The hydrodynamic interactions
and an external magnetic field are absent in these simula-
tions. (a) Initial condition of the spherical blob, (b) blob
structure after 50 Stokes time (a/Us), and (c) blob struc-
ture after 100 Stokes time. (d) Transverse average velocity
of the blob in the y direction (perpendicular to gravity) as
a function of time. This simulation was performed under
a non-Brownian condition. The physical parameters used
are Pe→ ∞, φ = 5%, ψm = 0, and ϕm = 4.

transverse velocity fluctuations around zero. The same occurs
at larger times, i.e., t > 70. Thus, transverse velocity fluctua-
tions by the action of magnetic interactions are only observable
when a number of particle agglomerates are formed by the
magnetic attractive force. The formation of these small aggre-
gates produces a heterogeneous suspension with particles of
different sizes and consequently different settling velocities.
This mechanism generates the observed velocity fluctuations
shown in Fig. 20(d). After t > 70, the formation of aggregates
practically stops. The motion of the blob becomes more stable
in the absence of transverse velocity fluctuations. Actually,
transverse velocity fluctuations associated with the internal
local structure transition inside the blob produce discontinu-
ities in the blob motion Uy as aggregate formation evolves in
time. Since the magnetic force between two dipoles decays like
1/r4, when two particles are sufficiently close together, attrac-
tive magnetic forces inside the blob become very strong so that
micro-agglomerates with three/four magnetic particles and so
on can be formed, depending on the initial volume fraction of
particles in the blob.

The behavior of a spherical blob time evolution when
both hydrodynamic and magnetic interactions are considered
is shown in Fig. 21. These results were obtained under the same
conditions of Fig. 20, except that in this case the hydrodynamic
interactions are incorporated into the simulations. The topo-
logical changes during the blob time development are now
governed by the balance between two mechanisms of parti-
cle interactions inside the blob and the convective backflow
around it. The internal mechanisms are the dispersive con-
tribution from long-range hydrodynamic interactions and the
aggregative contribution with a faster decay of magnetic inter-
actions. Since hydrodynamic interactions have a longer range
when compared to magnetic interactions, some of the features
previously observed for the case which considers purely hydro-
dynamic interactions are still present in Fig. 21. For instance,
particles escape from the blob to the wake induced by velocity
fluctuations due to hydrodynamic interactions as first sug-
gested by Nitsche and Batchelor.60 Differently from the case
of purely hydrodynamic interactions, we can see, in panels (b)
and (c) of Fig. 21, the presence of small aggregates along the

FIG. 21. Time evolution process of an initially spherical
sedimenting blob in the presence of magnetic and hydro-
dynamic interactions. (a) Blob at the beginning of the
simulation process; (b) blob structure after 50 Stokes time
(a/Us) and (c) after 100 Stokes time; (d) shows the varia-
tion of the transverse average velocity in the y direction as
a function of time. This simulation was performed under
a non-Brownian condition. The physical parameters used
are Pe→ ∞, φ = 5%, ψm = 0, and ϕm = 4.
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wakes as a direct consequence of attractive dipole-dipole mag-
netic interactions. This mechanism seems to produce a blob
shape more anisotropic, likely a long-linear chain, as the blob
deforms in time.

As before, we also show the time evolution of the trans-
verse average sedimentation velocity of the blob in the y direc-
tion (i.e., perpendicular to the gravity direction) for this case in
which the effect of hydrodynamic and magnetic interactions is
considered. Figure 21(d) shows a plot of typical velocity fluc-
tuations in the transverse blob motion as a function of time.
These fluctuations are induced by the interplay of magnetic and
hydrodynamic interactions during the blob time evolution. In
contrast to the result of Fig. 20(d), the presence of hydrody-
namic interactions and magnetic interactions evolving together
produces a more homogeneous and continuous temporal dis-
tribution of the transverse velocity fluctuations in the full time
interval simulated. This difference can be explained by the
mixing produced by hydrodynamic interactions which was
absent in the simulations of Fig. 20(d). We have observed from
these theoretical studies that even a non-colloidal sedimenting
suspension can develop a diffusive process (not molecular).61

However, in the case examined here, the diffusive process
can be characterized by both hydrodynamic and magnetic
interactions.

V. CONCLUDING REMARKS

In this article, we have explored the influence of hydrody-
namic interactions in the behavior of magnetic suspensions.
The suspensions studied in this paper were both colloidal
and non-Brownian magnetic suspensions. We have proposed
a numerical approach to simulate the translational and rota-
tional motion of several magnetic particles suspended in a
viscous fluid and subjected to forces and torques. Some of
these forces and torques were accounted using a scheme of
periodic sums known as Ewald summation. This technique
allowed us to compute long-range particle interactions with-
out numerical divergence as the size of the numerical box
increases. We have shown that it is possible to use a hybrid
model of particle interactions combining periodic and non-
periodic computations of particle interactions, depending on
how rapid the Green’s functions decay with the distance
between the particles. Long-range particle interactions with
dependence slower than 1/r3, such as dipole-dipole magnetic
torques and hydrodynamic interactions, must be computed
using the Ewald summation technique in order to produce
a statistical behavior of the transport properties consistent
with the experimental and theoretical data available. For par-
ticle interactions involving dipole-dipole force with faster
decays, such as magnetic dipole-dipole forces, which decays
like 1/r4, we have computed them in a non-periodic man-
ner, decreasing significantly the overall computational cost
of the simulations. The calculation of the equilibrium mag-
netization was very accurate, and a very good agreement was
observed between our simulations and a modified mean field
theoretical solution for φM/Ms = O(φ3, λ2). We have also
validated our numerical code by comparing computations of
the average sedimentation velocity with theoretical results
at dilute regimes and experimental correlations for moderate

particle volume concentration. Again a very good agreement
was observed.

In addition, we have also discussed the influence of mag-
netic interactions in the mean sedimentation velocity for a
system of non-colloidal particles and showed how microstruc-
ture variations change the scenario of this macroscopic prop-
erty. We have also proposed that the atypical increase in the
mean sedimentation velocity for particle volume fractions up
to φmax lies on the aggregative nature of magnetic interactions.
With magnetic effects, the particles tend to aggregate, which
increases the average sedimentation velocity at low enough
particle volume fractions. This non-monotonic particle vol-
ume fraction dependence of the sedimentation velocity was
a direct consequence of the collective hydrodynamic inter-
actions playing a dispersive role oppositely to the aggrega-
tive mechanism induced in the suspension by the magnetic
dipole-dipole interactions.

When exploring the influence of hydrodynamic interac-
tions in the behavior of the magnetization of a colloidal mag-
netic suspension, we found out that the dispersive nature of
hydrodynamic interactions modifies the overall behavior of a
dense ferrofluid for particle volume fractions up to 15% in the
explored range of φ. These variations occur due to an attenua-
tion in the frequency in which particle agglomerates are formed
when hydrodynamic interactions are considered.

The interplay of the dispersive character of hydrodynamic
interactions and the aggregative nature of magnetic interac-
tions was also explored during the settling of an agglomerate
of magnetic particles. Thus, we have examined the motion of
an initially spherical blob under the influence of hydrodynamic
and magnetic interactions. We have identified velocity fluctu-
ations in the transverse blob average velocity. These velocity
fluctuations are induced by the occasional formation of small
agglomerates of particles due to the action of magnetic attrac-
tive forces as well as due to mixing mechanisms produced by
the presence of hydrodynamic interactions. The distribution
of velocity fluctuations was much more homogeneous in the
interval of time simulated when hydrodynamic interactions
were considered. In particular, when both hydrodynamic and
magnetic interactions were combined, a systematic particle
escapes to the wake of the blob and a formation of smaller
agglomerates within the blob structure and on its wake was
systematically observed. A strong variation of the blob shape
as a direct consequence of the transverse velocity fluctuations
was observed as the structure evolved in time. From our knowl-
edge, this work has been the first one to examine magnetic
effects in a sedimenting blob. An interesting finding was to
show the behavior of velocity fluctuations due to the inter-
play of magnetically induced aggregation and hydrodynamic
dispersion.
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